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1. INTRODUCTION 
E. Artin characterized the maximal real algebraic number field 
K= Q n R by its absolute Galois group Gal(Q/K) [ 1). J. Neukirch proved 
p-adic analogues of Artin’s theorem, and using those, he showed that a 
finite normal algebraic number field k is uniquely determined by its 
absolute Galois group Gal(Q/k), or more precisely, by the Galois group 
Ga@/k) of its solvable closure k [4, 51. Using Neukirch’s results, K. 
Uchida proved that a finite algebraic number field k is uniquely determined 
by Gal@k) up to isomorphisms [7]. 
In this paper, using the notion of “p-closed extension,” we generalize 
Neukirch’s p-adic analogues of Artin’s theorem and give a refinement of 
Uchida’s theorem. 
Notations. Let K be a field of characteristic 0 and let p be a prime 
number. For a normal extension L/K, G(L/K) denotes its Galois group. In 
this paper, a p-extension always means a normal p-extension. A “solvable” 
extension is a normal extension whose Galois group is a projective limit of 
finite solvable groups. 
R: the algebraic closure of K, 
z: the solvable closure of K (i.e., the composite field 
of all finite solvableextensions over K), 
K(p): the maximal p-extension over K, 
G, = G(K/K), G, = G&K), G,(P) = G(K(P)IK), 
[,: a primitive pth root of unity in K, 
P,: the set of all prime numbers. 
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2. ~-CLOSED EXTENSIONS AND R-HENSELIAN FIELDS 
Let Sz be a field of characteristic 0. Let P be a subset of P, and p be an 
element of P. 
DEFINITION 1. We say that Q is j?-closed if [, E CJ and 0 is p-closed (i.e., 
ZJ has no proper p-extension). We say that Sz is &losed if Sz is d-closed for 
all p E P. 
Remark 1. 52 is solvably closed (i.e., Sz has no proper Abelian exten- 
sion) if and only if ZZ is P,-closed. 
Remark 2. Let K be a field of characteristic 0 and let P be a subset of 
P,. We put K(p)= U,?YO Ki, where 
i 
K,, = the composite field of K([,), p E P, 
Ki+ , = the composite field of K,(p), p E P (i=O, 1,2, . ..). 
Then K(H) is the minimal P-closed Galois extension over K. If k is a finite 
algebraic number field and P $ P,, then k(p) C$ 1. 
Now let K be an algebraic number field (not necessarily finite over Q) 
and v 11 be a valuation of K induced from an embedding K 4 Q,, where 1 is 
either a prime number or cc, and Q, denotes R. We put K, = K. Q,. Let 
S1jK be an algebraic extension. 
DEFINITION 2. We say that K is SZ-henselian with respect to v if there 
exists only one extension of v to n (i.e., for any extension 52 4 Q1 of the 
embedding KG Qr, we have n n KU = K). 
LEMMA 1. Let p be a prime number, 52 be a p-closed algebraic number 
field, and w be a non-archimedean valuation of Q. Then 0, is also p-closed. 
Proof [,E 52,, is obvious. If s2,,, has a cyclic extension L of degree p, 
then L=a,.(&) f or some LYE Sz,.. If UEZZ? is sufficiently close to c1 with 
respect to ~1, then L = a,( 6) by Krasner’s Lemma. However, since Sz is 
iFclosed, we have &E a and therefore L = a,,, which is a contradiction. 
Hence a,. is p-closed. 
LEMMA 2. Let p be a prime number and SZ/K be a p-closed Galois 
extension (i.e., CJ is p-closed and SZIK is Galois) of algebraic number fields. If 
p 1 [Q:K], then K is !S-henselian with respect to at most one non- 
archimedean valuation. 
Proof Suppose that K is SZ-henselian with respect to two non- 
archimedean valuations u, , u2( # vi). Let G(O/L) ( # 1) be a p-Sylow 
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subgroup of G(S2/K) and w, , w2 be the unique extensions of vi, v2 to L, 
respectively. Then L is a-henselian with respect to w, , w2. Since 52 # L and 
cp E L, there exists a cyclic extension L(,&)fL of degree p, where a EL”. 
Take an element b E L” such that b is sufftciently close to a with respect to 
wi and sufficiently close to 1 with respect to w2. Then we have L,,( fi) = 
L,Jfi) = L,,, by Krasner’s Lemma, and hence fi E 52 n L,,, = L b the 
assumption. Again by Krasner’s Lemma, we have L,,,,(s) = L,,,( p 6) = 
L,, , and hence .$ E Sz n L,, = 
P 
L by the assumption, which is a contradic- 
tion. Hence K is a-henselian with respect to at most one non-archimedean 
valuation. 
3. A CHARACTERIZATION OF R-HENSELIAN FIELDS 
From [4, Satz 4 and Satz 51 we obtain the following 
LEMMA 3. Let 1 and p be prime numbers and KJQ, be an algebraic 
extension. 
(1) Ifp” j [K:Q,] and c,# K, then G,(p) is a free pro-p-group of 
rank [K:Q,] + 1 or 1, according as I= p or not, and cd((G,(p)) = 1. Here, 
if [K:Q,] = 00, then [K:Q,] + 1 means NO. 
(2) If p” t [K:Q!] and [pi K, then G,(p) is a DemuSkin group of 
rank [K:Q,] + 2 or 2, according as I= p or not, and cd(G,(p)) = 2. Here, if 
[K:Q,] = co, then [K:Q,] + 2 means N,. 
(3) Zf p”( [K:Q,], then G,(p) is a free pro-p-group and 
cd(G&)) I 1. 
LEMMA 4. Let p be a prime number and 52 be a p-closed algebraic 
number field. Then we have cd,(G,) 5 1. 
Proof Let Qcoo’/Q denote the cyclotomic Z,-extension. Since 52 is 
p-closed, 52 contains Qcm). Let w  (say w  11) be a valuation of 0. If w  is non- 
archimedean, then Sz, contains Qcrn). Q, and p” I [Q’“’ . QI:Qr]. Hence 
we have pm 1 [sZ,:Q,] for any non-archimedean valuation w  of Sz. If p = 2, 
then 52 is 2-closed and hence 52 is totally imaginary. Therefore, from [6, 
Chap. II, Sect. 3, Proposition 91 we obtain cd,(G,) 5 1. 
In the case of j%closed Galois extensions, using the above lemmas and 
other results from [S, 61, we can characterize algebraic number fields 
which are S;I-henselian with respect to non-archimedean valuations by their 
Galois groups. 
THEOREM 1. Let p be a prime number and let S2/K be a d-closed Galois 
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extension of algebraic number fields. Then the following two conditions are 
equivalent. 
(a) There exists a non-archimedean valuation v 1 p of K such that K is 
S2-henselian with respect to v and [K,:Q,] -C CO. 
(b) There exists a finite extension K/Q, and a p-closed Galois 
extension C/K’ such that G(!SjK) z G(Q’/K’). 
Furthermore, v (in the condition (a)) obtained from the condition (b) is 
unique and [K, : Q,] = [K’ : Q,] holds. 
Proof We first assume the condition (a). Let 5 be the unique extension 
of v to Sz and put K’ = K,, Sz’ = Q;2,. Then [K’ : Q,] = [K,: Q,] is finite by 
the assumption, and $2’ = Q, is p-closed by Lemma 1. Since Sz A K, = K by 
the assumption, we have G(S2/K) E G(sZ’/K’). We next assume the con- 
dition (b). Take a p-Sylow subgroup G(Q/L) of G(SZ/K) and let G(SZ’/L’) 
be the corresponding p-Sylow subgroup of G(S2’/K’) by the isomorphism. 
Then we have a = L(p), Sz’ = L’(p), [, E L’, pX 1 [L’ :Q,] and hence 
we have cd(G,.(p)) = 2 by Lemma 3. Since cd&G,) 5 1 by Lemma 4, we 
see from [6, Chap. I, Sect. 3, Proposition 14 and Chap. II, Sect. 2, 
Proposition 21 that 
cd&G,) = cd,(G,) 2 cd(G,(p)) = cd(G,(p)) = 2. 
Then it follows from [5, Satz 33 that p= f [K, :Q,] for at least one non- 
archimedean valuation LI (say u 1 I) of K, or that p = 2 and K is not totally 
imaginary. However, if p = 2 and K is not totally imaginary, then G(n/K) 
has an element of order 2 and hence cd,(G(SZ/K)) = co. This contradicts the 
fact that cd,(G(SZ/K)) = cd,(G(U/K’)) = cd(G,(2)) = 2. Hence we have 
pm 1 [K, :Q,] for at least one non-archimedean valuation u 11 of K. We 
show that I = p. Let w  be an extension of u to Sz and D ( = 0 n K,) be the 
decomposition field of w  over K. Let D’ be the corresponding subfield of 52’ 
by the isomorphism of the Galois groups. Then we have the isomorphisms 
of Galois groups G(Q,,,/K,) g G(B/D) r G(!Z/D’). Take a p-Sylow 
subgroup G(a,,,/M) of G(B,,,/K,) and let G(SZ’/M’) be the corresponding 
p-Sylow subgroup of G(ln’/D’) by the isomorphism. Then Sz,. is d-closed by 
Lemma 1 and we have Sz,. = M(p), [,, E 44, 52’ = M’(p), <,E M’. Since 
pw j [K,:Q,], we have pa j [M:Q,] and therefore cd(G,(p))=2 by 
Lemma 3. Hence we have cd(G,(p))=2 and pm [ [M’:Q,], again by 
Lemma 3. Comparing the ranks of G,(p) and G,(p) by Lemma 3, we 
must have I= p. We next show that D = K. Let N’ be the normal closure of 
D’ over K’ (i.e., N’ is the smallest normal extension over K’ containing D’). 
To show that D = K, we first prove that p ) [Sz’ :N’]. Since p” 1 [D’ :Q,] 
from the above discussion, we can take an intermediate field F’ of D’/K 
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such that [F:R] < co and p 1 [D’:F]. Let N” be the normal closure of F 
over K’, then we have [N”:R] < co. Let YF’ and YK’ be the ramification 
fields of C/F’ and s2’/K’, respectively. Then we see easily that G(a’/V,) -=I 
G(S;Z’/F), G(Q’/Vr) CI G(SZ’/K’), VP = VK. F’ and p”O 1 [a’: VK’]. Since 
p / [D’:F], a p-Sylow subgroup G(P/M’) of G(SZ’/D’) is also a p-Sylow 
subgroup of G(sZ’/P), and therefore G(B’/M’) contains the normal p-sub- 
group G(SZ’/V,) of G(S;Z’/F’). Hence we have D’ c M’ c Vr = 
Vk,.F’cVk,.N”. From [N”:K’]<co and p”I[sZ’:V,.], we have 
pot 1 CC?‘: V,. .N”]. Since both Vk, and N” are normal over K’ and since 
D’ c V,. . IV”, we have N’ c VK. N” and therefore we obtain p 1 [U:N’] as 
desired. Let N be the normal closure of D over K, then, from p I [CY:N’], 
we have p I [!Z2 :N]. Suppose that D # K, then there exists another extension 
w. ( # w) of u to 9. Let Do be the decomposition field of w. over K. Since w  
and w. are conjugate over K, D and Do are conjugate over K. Hence we 
have D, Do c IV. Therefore N has two different S2-henselian valuations MI 1 N 
and w. I ,.+, and p ( [Sz :N] holds. This contradicts Lemma 2. We have thus 
proved that D = K. Finally, from the isomorphisms G(SZ,/K,) z G(S2/K) z 
G(SZ’/K’), we have G,(p)z G,(p), and therefore we have 
[K,:Q,] = [K’ :QP] < 00 by Lemma 3. The uniqueness of v follows 
immediately from Lemma 2. This completes the proof of Theorem 1. 
Remark 3. Our Theorem 1 gives a generalization of Y. Hironaka- 
Kobayashi’s Theorem 8 in [2] and Neukirch’s Theorem 1 (the uniqueness 
of the conditions (i) and (ii)) in [4] and Theorem 1 in [S]. If we assume 
[, E K and n = K(p) in our Theorem 1, then we have [, E K,, a6 = K,(p) in 
the first half of the proof of Theorem 1, and Hironaka-Kabayashi’s 
Theorem 8 follows from Theorem 1. If we assume R = Q or Sz = R in our 
Theorem 1, then we have sZ,= Q, ( = Ka) in the first half of the proof of 
Theorem 1, and Neukirch’s theorems follow from Theorem 1. 
Remark 4. Neukirch’s theorems mentioned in Remark 3 are p-adic 
analogues of a theorem of E. Artin [ 11, which can be stated as follows in 
our terminology. 
Zf K ( # Q) is an algebraic number field and [Q: K] is finite, then K is 
Q-henselian with respect to a unique archimedean valuation of K, and 
0 = K(o), [Q:K] = 2. 
The following proposition is an archimedean analogue of Theorem 1 and 
generalizes Artin’s theorem. 
PROPOSITION. Let p be a prime number and 52/K ($2 # K) be a p-closed 
finite p-extension of algebraic number fields. Then p = 2 and K is SZ-henselian 
with respect to a unique archimedean valuation of K, and Q = K(G), 
[n:K] =2. 
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Proof We first note that 52 = K(p). Since cd,(G,) 5 1 by Lemma 4, we 
see from [6, Chap. II, Sect. 2, Proposition 23 that 
cd,(G,) 2 cd(G,(p)) = ~0. 
Therefore, from [IS, Satz 31 we have p = 2 and K is not totally imaginary. If 
K(n) # 0, then the above argument shows that K(G) is not totally 
imaginary, which is a contradiction. Hence we have Q = K(G) and 
[Q : K] = 2. Let u be the valuation of K induced from an embedding K 4 R 
and let w  be an extension of u to Q. Since Q 3 $2 n R 2 K and [Q: K] = 2, 
we have Q n R = K, and therefore w  is a unique extension of u to Q. We 
prove the uniqueness of u. Suppose that K is Q-henselian with respect to 
two archimedean valuations vi, u2 ( # ui ). Let f(X) E K[X] be a manic 
polynomial of degree 2 such that f(X) is sufliciently close to X2 - 1 with 
respect to u, and sufficiently close to X2 + 1 with respect to u2. Then the 
discriminant o(f) off is sufficiently close to 0(X2 - 1) = 4 with respect to 
u, and sufficiently close to D(X2 + 1) = -4 with respect to u2. The equation 
f(X) = 0 has a root CI in Q. Since K,,(u) = K,, , we have c1 E K,, n Q = K. On 
the other hand, since K,,(M) # K,,, we have c( 4 K. This is a contradiction. 
Hence u is unique. This completes the proof of Proposition. 
4. A CHARACTERIZATION OF FINITE ALGEBRAIC NUMBER FIELDS 
For a finite algebraic number field k and a prime number p, we put 
S,(k)=b S I P a rime ideal of k above (p) ). For p E S,(k), we denote by 
k, the completion of k at p. 
COROLLARY. Let p he a prime number. Let k, , k2 be finite algebraic 
number fields, and Q,/k, , B,Jk, be d-closed Galois extensions, If 
G(Q,/kl) z G(IR,/k,), then there exists a bijection Qp: S,(k,) + S,(k,) such 
that Ck,:Q,l= CbpcP, : Q,] for all p E S,(k, ). 
Proof. The proof is almost the same as the proof of Satz 6 in [S]. 
Namely, we can define Qp, using the l-l correspondence of the decom- 
position groups of the prime ideals above (p) of k, and k2. 
Let P be a subset of P,. We recall the definition of the Dirichlet density 
6(P) of P. 
log& (if the limit exists), Ojg(P)j 1. 
Then we can prove a refinement of Uchida’s Theorem in [7]. 
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THEOREM 2. Let P be a subset of P, such that o(P) = 1. Let k,, k, be 
finite algebraic number fields, and let 4,/k,, C?,/k, be p-closed Galois exten- 
sions. If there exists a topological isomorphism o: G(B,/k,) 3 G(IR,/k,), then 
there exists a unique isomorphism of fields g: c;2, s C2, such that 
a(h) = ghg-’ for all h E G(ln,/k,). In particular, gl,, gives an isomorphism of 
fields kl and k2, 
Proof It follows from Corollary that k, and k, are arithmetically 
equivalent over Q (for the definition of arithmetically equivalent fields and 
their properties, see [3, Definition 3 and Satz 21). Let k’, be an inter- 
mediate field of Q,/k, such that k’,/k, is finite, and let k; be the 
corresponding subfield of Q, by 0, then k; and k; are also arithmetically 
equivalent over Q. In the proof of Uchida’s theorem, we take a prime num- 
ber p such that p = 1 (mod ]H] ) for some finite group H. In our case, we 
take a prime number p E P such that p E 1 (mod IH] ) for some finite group 
H. Since o(P) = 1, this is possible. And also, in the proof of Lemma 3 
in [7], we take a prime number p E P. Then, with these modifications, the 
proof of Uchida’s theorem is valid also in our case. 
Remark 5. In Theorem 2, the conclusion k, z k, (over Q) cannot be 
strengthened to kl z k, over k, n k,. 
EXAMPLE. Put k, = Q($) and k, =Q($‘?.&-l). Then k, n k, = 
Q(a). Since k, E k, (over Q), we have Gk, z G,,. However, for any 
isomorphism g: kI s k,, we have g($) = - $. Hence g cannot be an 
isomorphism over k, n k,. 
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